Progressive quenching (PQ) is the stochastic process in which the system's degrees of freedom are sequentially fixed. While such process does not satisfy the local detailed balance, it has been found that some physical observable of the system exhibits the martingale property. We studied system's response to the perturbation given at intermediate stages of the PQ. The response of the mean total magnetization of a complete spin network at the final stage reveals the persistent memory, and we show that this persistence is a direct consequence of the martingale process behind. Not only the mean response, the shape of the probability distribution at the stage of perturbation is also memorized despite that the unperturbed distribution of magnetization undergoes a peak-splitting during the process of PQ. Using the hidden martingale process we can predict the peak-splitted distribution from the early stage distribution with a single peak. We propose a viewpoint that the martingale property is a stochastic conservation law which is supported behind by some stochastic invariance.
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I. INTRODUCTION
The theory of linear response (Nakano-Kubo-Greenwood) has been established since long time to describe how the system in thermodynamic equilibrium reacts to the past perturbations given to it. The microscopic time-reversal invariance of equilibrium, i.e., the detailed balance (DB) symmetry played there a crucial role to bring out the fluctuation-dissipation (FD) relationship as well as Onsager's reciprocity law [1, 2] . Much less is known about the dynamic response of the systems which are far from equilibrium, especially when the elementary processes do not satisfy the local detailed balance (LDB).
Recently, the Malliavin weighting [3, 4] , which is a special case of Malliavin derivative [5] , has been introduced to study the dynamic response of stochastic systems undergoing general Markovian process without assuming the LDB. In the present paper we study this type of general response especially when the system's dynamics exhibits the martingale property. The martingale property means that an observable of the system undergoing stochastic process, saym T with T being the time, evolves such that the conditional expectation ofm T at later time T (> T ) remains equal tom T under a given history of the system's evolution up to T .
The background of this study is the following. We have studied what we call the progressive quenching (PQ) in which we fix progressively and cumulatively, a part of system's degrees of freedom [6] . More concretely, we focused on a totally connected Ising spins and fixed one spin after another while equilibrating the unfixed part of the spins every time we fix a single spin. If we regard the number of fixed spins T as the discrete time, the distribution of the spin's fixed magnetization showed a sign of a long term memory. But at that time we had no good idea to quantify this memory as this quenching process breaks the LDB, and the FD relationship is not applicable. On the other hand, if we regard the equilibrium average of the unfixed spins after fixation of T -th spin (the equilibrium mean spin, for short, denoted bym (eq) T ) as a stochastic process, it is found to have the martingale property up to small finite-size corrections [6] .
Having come to know the Malliavin weighting [3, 4] , we retook the PQ problem and directly analyzed its response to the external field perturbations using the approach of Malliavin weighting. We found that the long memory of the PQ is a direct consequence of the martingale property it contains. Below we focus on the response of the total magnetization in the final state when all the spins have been fixed.
In the next section ( §II) we first setup the model spin system and define the protocol of progressive quenching under external perturbing field. Then we describe the response of the total magnetization in the final stage to the perturbing field ( §III). In § §III A we focus on the response of a mean value of the total magnetization, where the relevance to the martingale property is highlighted. In § §III B we take the approach of the Malliavin weight [3, 4] adapted to the present PQ model. We calculate the response of the probability distribution of the total magnetization. The true power of the martingale property ofm (eq) T is demonstrated when we use this to predict the final distribution of total magnetization itself, not only its average § §III C. In the concluding section §IV we will assert that, when a physical observable of a system possesses the martingale property, this property acts as a kind of stochastic conservation law, causing a long-term memory in the system's response, just like the true conservation laws played important roles in the response theory of the equilibrium systems through the emergence of hydrodynamic modes, either diffusive or propagative [7] . Also we will remark that, at least in the case of PQ, the stochastic conservation law is supported behind by a stochastic invariance property.
II. SETUP OF MODEL AND PROTOCOL
Globally coupled spin model : We consider the ferromagnetic Ising model on a complete network, that is, the model in arXiv:2001.04842v1 [cond-mat.stat-mech] 14 Jan 2020 which any one of the spins interacts with all the other spins with equal coupling constant, j 0 /N 0 , where N 0 is the total number of spins. We mean by the stage-T, or simply T, that there are T spins that are fixed, see Fig.1 (a) for illustration. When 
where each spin s k takes the value ±1. The field on the unfixed spins consists of two parts: One is h T := − j0 N0 M which is the "molecular field" due to those fixed spins, {s 1 , . . . , s T }, where the total fixed magnetization is M = T k=1 s k and we have relabelled the spins for our convenience. The other part, h ext , is the genuine external field to perturbe the process of PQ. In the absence of perturbation we set h ext = 0. For the later use we introduce m (eq) T,M as the canonical average of the unfixed spins with the probability weight e −H T ,M /kBT . This is, therefore, the function of T and M = T k=1 s k . In order to see clearly the effect of fluctuations, we choose the coupling constant j 0 so that the starting system T = 0 is at the critical point of the finite system (for the details, see [6] ). (Hereafter we let k B T = 1 by properly choosing the unit of temperature.)
Progressive quenching: The protocol of PQ is the cycle of re-equilibration of the unfixed spins and the fixation of a single spin at ±1 with the probabilities (1±m (eq) T,M )/2, respectively, see Fig.1 
T,M was defined above. Once a spin is fixed, its value is retained until the end of the process. Below we will use the notationM T when we regard M = T k=1 s k as stochastic process versus T starting fromM 0 = 0. The processM T is Markovian. PQ can, therefore, be represented as a stochastic graph ofM vs T on the 2D discrete lattice, where the domain of M is practically limited by |M | ≤ T for each T (0 ≤ T ≤ N 0 ).
Another key stochastic process is the mean equilibrium spin m
In [6] we have shown thatm (eq) T is a martingale process with respect to the history, {M 0 ,M 1 , . . . ,M T }.
Application of the perturbation: At the 0-th stage (T = 0) all the N 0 spins are thermally fluctuating, while at the final stage (T = N 0 ) all spins are fixed. In between we consider the situation where the external field perturbation h ext is given at the stage-(T 0 − 1), i.e., before the T 0 -th spin is fixed. We look at two extreme cases, the infinite field, h ext , and the infinitesimal one, h ext , or, the linear response. Before the fixation of the T 0th spin the N 0 − (T 0 − 1) spins have been re-equilibrated in the presence of h ext as well as the molecular field, h T0−1 . The martingale property ofm (eq) T [6] is, therefore, interrupted upon the transition from the stage-(T 0 − 1) to the stage-T 0 . From the stage-T 0 no perturbation is given and the martingale property ofm (eq) T with T ≥ T 0 de nouveau holds starting with the total fixed spinM T0 as the initial condition. Then the question is how the perturbation given toM T0 propagates up to the final valuê M N0 and how the martingale property ofm (eq) T intervenes in this propagation.
III. RESULTS
Two approaches to analyse the perturbation: The response of the stochastic process to the perturbation can be described by two complementary manners like Langevin vs Fokker-Planck approaches. The Malliavin weighting [3, 4] is the latter type of approach, which follows the evolution of the probability distribution of the observable. We will take the both approaches. First, in § §III A we focus on the average response of the total spin at the final stage, E[M N0 ], to the external field perturbation given at the stage-(T 0 − 1). There we show the direct relationship between the martingale property ofm
] without passing through the calculation of probabilities (therefore of Langevin type). This relationship explains the tenacious memory of the perturbation. Secondly, in § §III B, we study the response of the probability distribution ofM N0 .
A. Mean response of the final magnetization, E[MN 0 ]
We study the mean response of the total spin at the final stage, E[M N0 ], to the external field perturbation given upon the fixa-tion of T 0 -th spin. We denote the distribution of the total fixed 
N 0 it is relatively easy task to evaluate these probabilities and it is for such T 0 that we study the long-term memory. All the information about the direct impact of the perturbation, either infinite of infinitesimal h ext , is contained in this probability distribution, P (T0) hext (M ). We assert that the mean value of the final magnetizationM N0 should read
where m (eq) T0,M is the function of T 0 and the total fixed spin, M = T0 k=1 s k , as we have defined below (1) . Because the left hand side of (2) is O(N 0 ), the error of O(1) is negligible for N 0 1. This result comes out from the more general statement about the mean increment rate ofM T after the perturbation:
Our proof uses the induction (see Appendix A) and Doob's optional stopping theorem (OST) [8] , which is one of the fundamental theorem about the martingale process. The Eq.(2), or its equivalent
, tells us two things: First, the impact of perturbation is directly transmitted by the martingale observable, m (eq) T,M T and secondly, this impact lasts up to the final stage, like the conserved quantity.
In Fig. 2 we plot the mean values of the final magnetization, E[M N0 ], against the stage number T 0 at which a spin is fixed under the infinite perturbing field (h ext = +∞). By the infinite perturbing field, the spinŝ T0 is surely fixed at the value 1 and, the resulting probability P Fig. 2 correspond to the different system sizes, N 0 = 2 6 , 2 7 and 2 8 . The both axes are rescaled by the system sizes. The estimation using OST, Eq.(2), reproduces E[M N0 ] so well that it the difference is within the drawing width of the curves (not shown). That the mean response of the frozen spin, E[M N0 ]/N 0 decreases with the system size N 0 is not surprising because the relative importance of the fixation of single spin scales with N 0 −1 . However, the effect of perturbation is largest when it is given at the earliest stages. It is contrasting to the equilibrium system for which the impact of perturbation should be strongest if it is given most recently.
B. Sensitivity of final-state distribution to perturbations
Response of the final probability distribution in terms of transfer matrices: Instead of simulating the path ensemble, which would cost O(2 N0 ) trials, we use the transfer matrix of stagetransition, which costs no more than an algebraic power of N 0 . Formally the stochastic process ofM T vs T with 0 ≤ T ≤ N 0 can be represented as the transfer of (2N 0 +1)-dimensional vector, P (T ) = {P T,M )/2 corresponding to the fixation of the spin,ŝ T +1 = ±1, respectively. Using this notation, the final probability distribution of the total magnetization M N0 in the absence of the perturbation reads,
If the external field is applied at the stage-(T 0 − 1), the matrix W (T0←T0−1) should be modified; we denote the corresponding transfer matrix by W (T0←T0−1) hext . The perturbed process and the resulting final distribution, P
hext reads,
Relation to Malliavin weighting: The approach of Malliavin weighting [3, 4] is basically to evaluate the difference, P (N0) hext − P (N0) , to the linear order in the external field using the path integral (see Appendix B). The product from P (0) up to W (T0−1←T0−2) , which gives P (T0−1) , is common for both perturbed and unperturbed processes. So does also the products, W (N0←N0−1) · · · W (T0+1←T0) , which we evaluated directly. In Fig.3 we show the response of the distribution of the final magnetization, M N0 , with N 0 = 2 8 = 256 to the perturbing field applied upon the fixation of T 0 -th spin with T 0 = 2 4 = 16 or T 0 = 2 7 = 128.
In the case of the infinitesimal perturbing field, we deal with the linear response to h ext and calculate the sensitivity
where the partial derivative with respect to h ext should be evaluated at h ext = 0 and the only non-zero components of ∂W T,M /∂h ext being the susceptibility at the stage-T under a molecular field, h T = − j0 N0 M. In Fig.3 (b) we plotted the result in (5) vs M N0 /N 0 . Depending on the stage of perturbation the sensitivity qualitatively changes, see below.
In the case of the infinite perturbing field h ext = +∞, the transition rates upon the perturbed stage read W (T0←T0−1),h M +1,M = 1 with |M | ≤ T 0 − 1 and all the remaining components of W (T0←T0−1) are zero. As the difference of the final probability is the result of propagation of the difference, ∆W (T0←T0−1) ≡ W (T0←T0−1) hext − W (T0←T0−1) , the final difference reads
where the only non-zero components of ∆W (T0←T0−1) are ∆W
hext − P (N0) vs M N0 (Fig.3(c) ). The response to the infinite perturbation, h ext = +∞ (Fig.3(c) ) is qualitatively similar to the linear response of the distribution (Fig.3(b) ), except for a positive bias around M N0 = 0 in the former case. A common trend for the both types of perturbation is that (i) the response is stronger when the perturbation is given at the early stage, which is consistent with Fig.2 , and that (ii) the profiles of the response reflects the distribution at the stage when the perturbations were given. If a perturbation is given before the stage when the unperturbed distribution of M evolves the double peaks (i.g. T 0 = 2 4 ), the density response in the final magnetization ressembles to the M -derivative of the singly peaked distribution at the stage-T 0 . (Notice, however, that the perturbation given at stage-T 0 is limited over |M | ≤ T 0 (= 16) while the final response of M N0 ranges over |M | < ∼ 0.7 × N 0 ( 180).) By contrast, the perturbation in the late stage (i.g. T 0 = 2 7 ) ressembles to the M -derivative of the doubly peaked distribution. By the way it has already been known that the splitting of the peaks reflects the self-induced polarization in the magnetization of individual sample [6] . We may, therefore, conclude that the early-stage perturbations bias directly the fate of the selfinduced polarization while the late-stage perturbations has only a point effect in the already polarized systems.
C. Hidden martingale property predicts final distribution
We recall that in (2) 
|M T0 ] (see Appendix C for the protocol). This is a sort of geometrical optics approximation ([9] §27). In Fig.4 we compare the final distributions of M N0 predicted by this reasoning with those obtained by full numerical calculation of transfer matrix products. Naturally, the prediction by hidden martingale gives narrower distribution because this method we ignores the diffusion of width, ∼ (256−16) 1 2 15. Amazingly this method can predict the final positions of double peaks very well with only the data of singly-peaked distribution and the "derivative," m (eq) T0,M ," in the early stage T 0 ( N 0 ). When N 0 and T 0 constitutes the double hierarchy 1 T 0 N 0 , our methodology will serve as a fine tool of numerical asymptotic analysis. h ext (right), respectively. Both are singly peaked but the latter is almost translocated by ∆M = +1.
IV. CONCLUSION
In the globally coupled Ising spin model, the external field applied in the midst of the PQ process is memorized in the system, due to the martingale property possessed by the observable, m . Although the proof of (2) is a little subtle, the basic fact behind is that the contours of m (eq) T,M on the 2D lattice of T and M are almost straight lines, and the tangent of each contour is equal to the value of the contour itself up to a small error due to the finite-size effect. This fact had already been observed previously [6] but we did not realize its importance at that time. In any way it is by this mechanism that the perturbations are memorized on the level of the probability distribution, surviving its later evolution from single-peaked to double-peaked.
The tenacity of the memory is one of the main features of the PQ process, or the hidden martingale system in general. In the present case this memory allowed us to predict the late-stage probability distribution from only the data of an early stage. In Fig.2 the effect of perturbation is largest when it is given at the earliest stages. Qualitatively, this result may have something in common with our mental development; those things that we learned earlier remain for life and influence upon the later learning.
Though our study is very limited to a specific model, it suggests that the martingale property of a system's observable is a kind of the stochastic conservation law, which leads to the lasting memory in the system's response. This stochastic conservation law is expressed in the form of the Doob's OST. In analogy with the (deterministic) physical conservation laws, a far-fetched question would be if there is a kind of stochastic invariance behind the stochastic conservation, like that many (deterministic) physical conservation laws are based on some invariance principle. In the PQ process the fixation of a spin is such that the molecular field on a single unfixed spin remains statistically invariant (see Appendix C of [6] ).
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will make up the final probability density p(x) so that its normalization is x T 0 x0 p(x)dx = 1. We suppose that p(x) is piecewise linear whose joint-points are {x i }. The normalization condition then reads 1 = hext (m T0 ). The martingale prediction of the probability densities in Fig.4 are thus made.
